P5 — COORDINATE SYSTEMS

Question:

The rectangular hyperbola C has equation xy = c?, where ¢ is a positive constant.

(8) Show that the tangent to C at the point P[cp, %j has equation p’y=-x+2cp.

The point Q has coordinates Q(cq, %j ,q# p. Thetangentsto C at P and Q meet a N.

Giventhat p+q#0,

(b) Show that the y-coordinate of N is —2°— |

p+q
Thelinejoining N to the origin O is perpendicular to the chord PQ.

(c) Find the numerical value of p°qg®.

[Edexcel]
Solution:
@ 1y+x-o = H__Y
dx dx X
At P dy_Tv_ iz
dx cp p
Therefore, equation of tangent: y—E = —iz(x -cp)
Y Y
p*y—cp=-x+cp
p’y =-x+2cp

(b)  AtN, p’y=-x+2cp and q°y=-x+2cq.

Subtracting: (pz—qz)y:ZC(p—q)
_2c(p-q)_ 2c(p-q)

y
p’-q> (p+q)(p-q)
y= 2C
p+q

(c) Note the statement preceding the question. We need the x-coordinate too. Multiplying
the two expressions at the start of (b) by g° and p® respectively gives:

p?g’y = —-q°x + 2cpg’
p’g’y = —p*x+2cp’q

Therefore:  —g°x+2cpg® = -p°x+2cp’q = (p2 - qz)x =2cpq(p-0)
)= 2P0(P=0) _ 2opa(p-a) _ 2P
p"-q (p+a)(p-0) p+q
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Now we find the gradients:

tOSR-0 2cpa pg
M= =P

1

“cg-cp cpa(q-p) -pa(p-q)  pq

Sincethey areperpendicular : my, xm,, =-1

= —Xx-——0=-1
pa  pq
- _pzlqzz_l

Therefore: p°g® =1
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